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ACOUSTIC WAVE DIFFRACTION BY AN IDEAL SCREEN
IN A PLANE WAVEGUIDE WITH THIN ELASTIC WALLS

L. A. LEVITSKII and V. D. LUK'IANOV

There is considered the diffraction problem for a plane waveguide with elasticwalls.
The boundary conditions yielding an identical mechanical mode of the waveguide walls
and containing high order derivatives are not made specific. The natural acoustic
wave from the waveguide depth is the field source. Diffraction of this wave by an
ideal screen with a height half the waveguide width is studied. The screen is con-
gidered either absolutely rigid (Neumann condition}, or absolutely soft (Dirichlet
condition). Solutions are constructed for the case when plates capable only of
bending vibrations are the walls and the boundary-contact conditions needed for
unique solvability of the problem /1/ aYe selected here so that they describe the
junction of the screen and one of the plates, are constructed as examples. There
is also obtained a solution for the case of impedance conditions on the waveguide
walls. A similar wave diffraction problem by a diaphragm in a waveguide with ideal

walls (absolutely soft or absolutely rigid) but without matrix nature, is examined
in /2/.

1. Formulation of the problem. The acoustic field satisfies the homogeneous
Helmholtz equation (Fig.l)
A+PE =0 —olzlte, —AlyLh (1.1)
the boundary conditions on the walls
LoP [z, (—1)+h] =0, — oLz 4w (1.2)
i 9 L
La=Mi(—5x) 5 + 1P Ms(—55) a=12
and the Dirichlet or Neumann condition on the screen
PO,y=0, —hly<0 (1.3)
.?2%%& =0, —hly<L0 (1.4)

within the waveguide.

Here k is the wave number in the medium, M,, M, are
polynomials of argument —& / dz® whose coefficients depend

¥ on the mechanical parameters of the problem. We shall
7 consider the order 2n,. of the polynomial M; to be

higher than the order 2m, of the polynomial M,.
Let us present two examples of the realization of
the operators Lg.

I — In the impedance case
e e o fo — — —— a
__________ _ La=; +(— 10 (1.5)
h and the orders of the polynomials M,, M, are zero.
If plates capable of just bending vibrations are the
waveguide walls, then
Fig.1

La=(gz— %) 55 + (—1)2+ty, v=80", w02 (1.6)

where p,, p are, respectively, the fluid density and the surface density of the plate, D is

the cylindrical plate stiffness, and o is-the frequency of vibration.
of the wave processes is selected in the form

The time dependence
e and will henceforth be omitted throughout.
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Let us examine diffraction by a screen in a waveguide, of a normal pressure mode, sym-
metric in y , and incident on the screen from the right half of the waveguide

Py (z, y) = exp (—ikgz) ch (v, ¥), vy =y (A) = VA2 — K, 95 = v (M)

The wave number A, of the normal mode is found from the condition that Py (z, ¥) satisfies
the boundary conditions (1.2)

LPy (z, k) =0

Let us note that P, (r,y) satisfies all the conditions of the problem except conditions
(1.3) or (1.4) on the screen. The case when a normal mode anti-symmetric in y is the field
source P, (z, y) = exp (—ihgy) sh (ypy) is examined analogously.

Partitioning the total field P (z,¥y) and P, (x, ¥) into even or odd parts in the coordin-
ate z

P(I, y) =Ps (Z, y)+Pa ('7:1 y)v Ps (.t, y) =1/2 [p (Zv y)+P(—z, y)]7 Pa (.Z‘, y)::]/z P (.T, y)—P("'z’ y)]

we arrive at two independent problems in a semi-infinite waveguide.
The conditions

3Ps(0,y)
— =0, —h<y<h (1.7)
aP_(0
P0,=0, 0<y<h Ze8B o _peyco (1.8)

are satisfied on the endface of this semi-infinite waveguide for z =0, |y |<h in the case
of an absolutely rigid screen in the waveguide.
We have analogous conditions for the case of an absolutely soft screen

aP (0,
POy =0, —h<y<h —20 0 0<y<h P0y=0, —h<ly<0

1f the order 2m, -+ 1 of the boundary operator L, is greater than one, then for the solu-
tion to be unique it is necessary to mention the boundary-contact conditions yielding the
mechanical mode at the angular points of the semi-infinite waveguide. For the upper wall this
condition is no mechanical defects in the waveguide wall, while for the lower it is the con-
dition for fastening the diaphragm to the wall. The scattered field is constructedin conform-
ity with the principle of limiting absorption, and should satisfy the Meixner condition "on
an edge" /3/. 1In conformity with the method of solving boundary-contact problems taken in /4,
5/, we will seek the solution for the even and odd field components P, (z,¥),Pe(x,y) in =z
in the form of the sum of the particular solution R (#,y) of the inhomogeneous problem and
the general solution @ (z,y) of the homogeneous problem. The function R (z,y)is found uniqu-
ely from the requirement that at the angular points it have continuous derivatives of all the
orders taking part in the boundary-contact conditions.

The function Q (z, J) contains discontinuities in the total field derivatives at the points

(0, &=h) and describes the field diverging from these points /5/.

2. Solution of the odd problem. Let us represent the particular solution R (2, ¥)
in the form
Ry, (z, ) = Y3 [Py (z, y) + (—1)*Py (=2, Y)] + Ras (2, Y) (2.1)

Here and henceforth a = 1, throughout if O0<y<(h, and a =2, if —h << y << 0. We expand the
unknown functions Ry, (%, y) in plane waves
1 K
Roa (2, 4) =57 S €% [rgs (A) ch (79) -+ Faa () sh (y9)] &M (2.2)

The boundary conditions will be satisfied on the endface (1.8) if oddness of the functions
ris (\), g (A) and evenness of Ty, (A), T (\) are required. Introducing the vector function
r(A) =1 rie M)y ra (A), Tas (&), Ta W) | * (+ is the sign of transposition), we write this condition
in the matrix form

r(A) = Er (—)) (2.3)
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where E is a diagonal matrix with the elements a4y, =0y =—1, gy =ay=1.
The boundary conditions (1.2) result in the integral equations (z>0)
d-o0
LoRea (2, (— 1)“*1k1=7},—; S ez {(— 1)1y, (M1, (M) + raa (M) la (M)]dh =0 (2.4)

—c

I, (A) = vM; (%) sh (vh) + M, (A%) ch (vh), Iy (A) =M, (W) ch (vh) + M, (A") sh (vh)

R y
Because of the continuity of the field Ry (#,y) and its normal derivative “5: ¥
along the waveguide middle plane y =0 has the integral eguations {(z > 0)
g
o S %% {ry, (\) — ra, (W] dh = Py (— 2, 0) (2.5)
1
- S ey [r1g (M) — raq (M) dA =0 (2.6)
Equations (2.4)-— (2.6) will be satisfied identically if there is required
G A (A) =D (A)+ () (2.7
LA L 0 0
1 0 —1 0
cm=| , 0

kj
0 0 —4L() LM
) =325 10.4,0,0]
O+ () = o ) @a* ), 95* (), ot ] *

Here the components of the vector function {* are analytic functions in the upper half-plane,
Let us eliminate the unknown vector function r (&) by using (2.7}, (2.3) and the relation-

ship
G (M (—0) = D* (—A) + f* (—D)

obtained from (2.7) by a formal replacement of A by —A. The components @+ (—A) are functions
analytic in the lower half-plane of the variable A{ImA<<0).
We therefore arrive at a Riemann inhomogeneous matrix problem

D+ () = B ()O* (—A) + B (Nf (—A) — 1 (&) (2.8)

B (A) = G (WEG (A)

—1 0 0 Q0
- 1”: 0") 0 g (A') 1/13 (l') (3’) . zc )
—l() 1/g0) 0 —y.m| EWTEE

0 0 0 1

B()=

to find a piecewise-analytic vector function @ (A) by means of the linear relation connecting
the limit values (ImA-» +0) of this function @+ (+A) on the real axis of the variable A.
To solve the problem, we represent the matrix B (A) as the product of matrices B+ {A) and
B+ (—A), whose elements will be analytic functions, respectively, in the upper and lower half-
planes of 3

B () = B,* MBy+ (M) (2.9)
1 0 0 0
Bry=|"EMYSO) ) 0 gMEA)
' —¥ ) 0 gt () (et ()
0 0 0 —_—1
—14 0 0 0
=T 0 g =) =P (=)
B""( A= Wt (e A) 1/gt(—A) 0 ‘I’:" (—%)
0 0 0 —1
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The matrix elements are defined on the basis of the following relationships:
eM =g Mg (M), gr() =g (—N), g* (=N =0 Q"), |r]—> -t

S S
FRLH

1
P IR

The even function g (A} is meromorphic, has a set of pairwise opposite simple zerces and
poles, and should be factorized, for instance, according to /3/: w;,* (A} are the limit values
{(ImA— +0) of the piecewise-analytic functions Yy (A)

¥yt (A) - Wyt (= ) = Vot (A) - Wob (—A) = —

a0 +%0
1 dr I dy
Fih)= 2;;5_8 L mE—h Foh)=— 5 S e—ni{E—n

Taking account of (2.9), we rewrite (2.8) in the form
By WD+ (A) — V* (A) = By* (—A)D* (—4) + V+ (=4) (2.10)

Here V+{(A) is the value of the piecewise-analytic vector function V() in the upper

half-plane
+x

V=g § (B (— O (=) — By (O () 725

-

V() — V* (—h) = Byt (—N)f (—A) + [By* W f (), ImA—0

Both sides of (2.10) determine the general vector function W)y = [l wy (A), wy, (M), w3 (A},
wy (M) |* analytic in the whole complex plane in accordance with the theorem on analytic continu-
ation. By virtue of the required continuity of the derivatives of the particular solution
Ry (z, ¥}, the functions @+ (A), @+ (A), and w, (A), ws (\) besides, are zero.

Since the asymptotic

Pt (M) =00, oM =00, |A][~>+o0

holds, then w, (M), ws (M) are alsoc zero, i.e., the vector W (A) is zero. Taking this into ac-
count we finally obtain from {(2.10) and (2.7)

r ) = 61 () B WV () + F )] @3
VO =00 0 ot @), 01 *
Fas (4 = —;—[ GO g (—Nust () + (— gt (ot )
é “(7‘)"“':7[ e (™) (f;m ) ?:f(g)) D SEay l’;‘*((M) ]
vt ()= — g lim S.,, FATTESh
"”)z“‘”zii‘, l,i_;Sm =T

The general solution of the homogeneous problem (), (z,y) which describes the field diver-
ging from the points (0, 4=A) will be sought in the form
1
Qu(@ W)= g § %19us (W) ch (39) + gaa (W) sh (yy)1 (2.12)

—c0

where we assume that the functions ¢g, (A), e (A) have the same evenness as 7q, (A), Tae (A} (2.3)
and are sought by analogous meanswith the sole difference that (2.7) is homogeneous.

For continuity of the field in the neighborhood (0, +hk) it is sufficient to require the
following estimates as |A |~ oo

e M) = O (A7), oo R) = O (A17%), O << 8y, << Y, (2.13)

Taking account of (2.12), the vector function W (A), defined here by an equation of the type
(2.10), has the form
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WHR =H§8:(),0,0 8, M)[*

where S, (A), Sp—y (A) are polynomials of degrees n, n— 1, where S, () is a polynomial in odd

powers of A, as is seen from (2.7), and S, (A) in even powers, and » == mex [0, 2n, —1l. The
coefficients of these polynomials are later determined from the boundary~-contact conditions.

The final expressions for gu (A), Gua (M) are these:

o ) = 2B g )it ) —gt Wy 0]

1 185, M+5,,4) wyt (A) wyt (M)
toa 0 = [ — Ay + 0y

o
£ . [, () + Sny (9]
et (A) == o— lim —Sm -ﬁa—m dv

oo
[8,, (¥) — Sy (0]
ot W)= g Jim S LErEDE—n

3. Solution of the even problem. The particular sclution of the inhomogeneous pro-
blem satisfying the relationships (1.1), (1.2), (1.6), and smooth with all its derivatives at
the points (0, k), has the form

R (2, 4) = Y3 [Py (2, y) + Py (—a, y)] (3.1)

We write the general solution of the homogeneous problem in the form

B
Tolm )=y | @t (M) oh (39) + ta (A)sh ()]

—00

requiring evenness of the functions ¢ (A), £ (3), that are the amplitudes of the vibrations, res-
pectively symmetrical and antisymmetrical in y, for the relations (1.6) to be satisfied
identically.

The boundary conditions (1.2) for T,(z,y) result in the integral equations

w00
LT (5 p) =g § = U= 151, (W)L (8) + ta () L WA =0 (3.2)

The system (3.2) will be satisfied if

LML) =9 (M) &ML (A = @t (W)
where, as before, ¢,5*(A) is a function analytic in the upper half-plane of the variable .
Taking account of the evenness of t, (A), I (A), we obtain

Prat ) = @1t (—A), ImA =0

Hence, taking account of the continuity of the field at the points (0, 3A), by the theorem
on analytic continuation through a contour we have that @,4(A) is a polynomial in even powers
of A of order n— 1, n=maxl[0, 2n, — 1l. We denote these polynomials by u,(A), u, (A), and we
finally obtain

L) =w M/ H(), ) =u ()L}

where the 2n, coefficients of these polynomials are determined from the boundary-contact con-
ditions,

4. Boundary-contact conditions. If impedance boundary conditions are satisfied on
the waveguide walls, i.e., I, is the operator (1.5),then n, =0, the polynomials u, (\)-ug(M), Sn(A),
Spy M) are identically zero, and the solution of the problem is given by (3.1), (2.11), (2.2)
and (2.1). Now, let L, be the operator (1.6), then n, =2, and the four coefficients for
the field Q,{z,y), as much as for the field T, (z,p), must be determined.

The condition of no defects on the plate at z=0 /6/ should be satisfied on the upper
plate y=-4h:
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AP(—0. k) _ aP(+0,h)

E % 4.1
P (—0,h) _ 3P (40, k) (4.2
dy 0z dy oz se
P (—0,h) _ 3P (40, k) 4.3
By 9z? dy 0z (4.3)
HP(—0,h) _#P(+0,k) (4.4)
dy 0z3 3y 93
We have on the lower plate from the equation of diaphragm motion /7/
P(40, — k) #P (40, — h)
e — Mg, ZEAAEYTA) .
ay 3y 0z 0 (4.5)

Let us require compliance with conditions (4.1)— (4.5) for the z-symmetric and z-anti-
symmetric problems separately.

Conditions (4.2) and (4.4) are satisfied identically for the field Ros (s, y) + Qs (z, y) be-
cause of the evenness of ¢ (A), % (A), and conditions (4.1) and (4.3) have the form

e +-c0
S v A" [2, (M) sh (vh) + £, (A) ch (yh)] dh = S 7% A" [t (1) sh (yh) 47, (M) ch (yh)]dA =0, n==0,2 (4.6)
Here we used the notation /6/
+eo oo
. iAx — +i0h
lim _Sw FA) e = _S” O eEiohgy

Conditions (4.5) reduce to the equations

+
§ ey (—1,(0) sh (vh) + ¢, (4) ch (vA)] dh = 2nivysh (voh) (4.7)
o0 - o0
§ 40 yhe [— 1, () sh (vh) 42, Ay ch ()1 ah = § &0 yht [, 4) sh () + 1, () ch (yW)) &b =0

Writing the explicit form of the polynomials u, (A), ug (A)
ug (M) = @ + bA%, ug (A) = c + dA?
and substituting them intc (4.6) and (4.7), we obtain the system
alg + by, ey, +dly, =0, aly 4 bl +cly, +dl =0 (4.8)
—alyy — by, + eIy, +dl,, = 2miyosh (Yoh); — aly — blg, ely, +dl,, =0

to determine the boundary-contact constants a, b,¢,d. The coefficients of the system (denoted
by Ins: Ine) have the form

¢ da 1
= X +i0A 4 h I = etk AT o eop
L0 Tmi S ¢ yA" sh (vh) D) ’ ne = g S YA" ch (yh) o—r l (A.)

For n=0.2 the integrals [In, Ing converge in the ordinary sense.
Closing the contour (— o0, + o) in the upper half-plane, we obtain

yk sh ('yh) I = 3 yA" ch (yk)
Tne 2:' TR0 | g T
A=t =

For a fixed frequency o only a finite number of modes being propagated exist in the
waveguide. The damping modes have the asymptotic § = 0(N) and the series converge.
The coefficient I, can be represented in the form

ham

= ® o +sh (yh) — v ch (A
1 £Hioh 1 vioh gy 4. 1 S +ioh [yntsh (vh) —veh (yh)] 45
P S T yhsh (Vh) 7, (A) =om S ¢ T ) T. (0

00
w—c0



Acoustic wave diffraction 113

Upon closure in the upper half-plane, we obtain

Iy= § Xrh (%) — voh (vh)
“ ?.‘» )
=],

The boundary~contact conditions for the X-antisymmetric part of the field are examined anal-
ogously.
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